Our method of proof also shows that a space is transitive if its fine quasi-uniformity is quasi-pseudo-metrizable. We use this result to prove that the fine quasi-uniformity of a 71 space X is quasi-metrizable if and only if X is a quasi-metrizable space containing only finitely many nonisolated points. This result should be compared with Proposition 2.34 of [2] , which says that the fine quasi-uniformity of a regular T x space has a countable base if and only if it is a metrizable space with only finitely many nonisolated points (see e.g. [11] for related results on uniformities). Another by-product of our investigations is the result that each topological space with a countable network is transitive.
Throughout this note we use the terminology of [2] . In particular all separation axioms used are explicitly mentioned. By N we denote the set of positive integers.
1. Transitive spaces. It does not seem easy to construct nontransitive topological spaces. In fact, essentially, the only nontransitive space known is the so-called Kofner plane (see [2, p. 147] ). For readers not familiar with this space, we will give an "analytic" variant of Kofner's construction at the end of this section. Maybe this variant, although closely related to Kofner's original idea, will turn out to be helpful in future research.
On the other hand not too many classes of topological spaces are known to contain only transitive members (see [2, chapter 6] ). As we are going to prove in this section, the class of hereditarily compact spaces is of this kind. We begin with some auxiliary results that seem to be of independent interest.
First it seems useful to analyze the proof given in [8] that a topological space in which each interior-preserving open collection is finite is a transitive space. To this end we have to formulate two facts explicitly that are contained (implicitly) in [8] .
To begin we characterize the topological spaces that have the property that the class of the quasi-uniformities inducing the Pervin quasi-proximity contains a quasi-pseudometrizable member. This class of rather peculiar topological spaces will turn out to be helpful in the following investigations. (In this connection let us mention that the Pervin quasi-uniformity of a topological space X is quasi-pseudo-metrizable if and only if the topology of X is countable [3, Proposition 1] .) LEMMA 
A topological space X has a o-interior-preserving topology if and only if there exists a quasi-uniformity with a countable base on X that induces the Pervin quasi-proximity for X.
Proof. Let X be a topological space with a a-interior-preserving topology 3'. Then & = U {ST n '-n G N} where we can assume that 2T n is interior preserving whenever n e IU For each n e N and each xeXsetS n (x) = (~){G:xeGe3~n}. (We use the convention that (~\0 = X.) Moreover for each n e N set S n = \J {{x} X S n (x):xeX}. Suppose that G e ST n for some neN. Then J n c [ G x G ] U [(X\G) x X]. Thus the Pervin quasi-uniformity for X is coarser than the (compatible) quasi-uniformity °U generated by the subbase {S n :n e f^l} on X. We conclude that °U induces the Pervin quasi-proximity for X, because the Pervin quasi-proximity is the finest compatible quasi-proximity on X [2, §2.11]. Hence°U is a quasi-uniformity on X with a countable base that induces the Pervin quasiproximity for X.
In order to prove the converse we assume that (X, ST) is a topological space, the Pervin quasi-proximity of which is induced by a quasi-uniformity K o n l w i t h a countable base {U n :n e N}. Since the Pervin quasi-uniformity ^{SP) for X is totally bounded, we have that ^(ST) c °U by Theorem 1.33 of [2] . Therefore for each G e J there is an n € N such that
where ST n = {G e ST: U n (G) = G} is interior preserving for each n e N (compare [8, p. 41] Proof. By our assumption we have that 3$ = {J {2ft n :n eM} where we can assume that *M n is interior preserving and that Sft n c g# n+1 for each neN. Let F be an irreducible closed subset of X and for each n e N, set Sf n = {G e S8 n : G n F * 0 } . Let n e N. Since X has no strictly decreasing sequence of open sets with an open intersection and since 38 n is interior preserving, there exists a finite subcollection SP n of y n such that Pi $P n = P | y n . Therefore n^n F^0 , because F is irreducible. Consider {(X\F) U (C) &"): n e N}, an open family. Since X has no strictly decreasing sequence of open sets with an open intersection, we conclude that there is an x e (~) {P| Sf n :neN}nF.
Thus F = {x}. We have shown that X is quasi-sober. REMARK 1.3. We can now easily understand the basic ideas of the proof given in [8] that the fine quasi-uniformity of a topological space in which each interior-preserving open collection is finite has a transitive base.
To this end let (X, ZT) be a topological space in which each interior-preserving open collection is finite and let Sf be an arbitrary quasi-pseudo-metrizable topology on X that is coarser than 3~. In order to prove that (X, ZT) is transitive, it clearly suffices to show that (X, y) is transitive. For in this case each entourage of the fine quasi-uniformity of the space (X, ST) belongs to a transitive quasi-uniformity of a topology on X that is coarser than ?f and, hence, contains a transitive £T-entourage.
It remains to show that (X, Sf) is transitive. In [8] this is done by showing that (X, y) is a uqu space. (Of course, then (X, Sf) is transitive, because the transitive Pervin quasi-uniformity is the unique quasi-uniformity that (X, y) admits.) The details are as follows. First observe that since if is coarser than ST, each interior-preserving open collection of (X, y) is finite, too. Then note that, because for the hereditarily compact (hence uqp) space (X, y) the Pervin quasi-uniformity 0>(5f) is the coarsest compatible quasi-uniformity, the topology y is a-interior-preserving according to Lemma 1.1. Hence (X, y) is quasi-sober by Lemma 1.2. Therefore (X, y) is a uqu space, because a hereditarily compact and quasi-sober space is a uqu space [9, Proposition 3(a)].
Let us observe that in the last step of the proof outlined above, instead of citing Lemma 1.2 and Proposition 3(a) of [9] , we could also use Corollary 1.6 below in order to show that (X, y) is transitive. (Obviously (X, y) has a countable base, since it is a topological space with a a-interior-preserving topology in which each interior-preserving open collection is finite.)
Now we are ready to show that a variant of the argument given above proves that the fine quasi-uniformity of every hereditarily compact space has a transitive base.
Recall that a binary relation V on a topological space X is called a (n open) neighbornet of X (see e.g. [2, p. 4 Proof. A s u s u a l w e u s e t h e c o n v e n t i o n t h a t P | 0 = X. F o r e a c h n e N a n d e a c h x e X set T n (x) = r\{B:xeBe9S n }, H n (x) = X\\J {H:He W n and x$H} and
Note that H~\x) = fi {H:He W n and xeH) whenever xeX and neN and that S n = U {{x} x S n (x) :x e X) is a transitive neighbornet of X whenever neN. For each x e X set h{x) = max{n{x), m(x)}. Let P = (J {5^)(;t) X Sh(x)(x)'x eX). Since (S n ) nsN is a decreasing sequence of transitive neighbornets of X, P is a transitive neighbornet of X. (A similar idea is used in the proof of Theorem 5 of [5] 
Next we state several corollaries to Lemma 1.4 that seem interesting enough to be included here, although we will not make any use of them in this paper. 
Proof. For each neN
such that A n ¥ = 0 choose h n eA n and set S8 n = {V(h n )} and
and ) . We conclude that all conditions of Lemma 1.4 are satisfied. Hence V 3 contains a transitive neighbornet of X.
Recall that a collection 58 of subsets of a topological space X is called a network for X if for each point x of X and each neighborhood G of x there is a C € 38 such that xeCcG. COROLLARY 
Let X be a topological space with a countable network and let V be a neighbornet of X. Then V 3 contains a transitive neighbornet of X. In particular, each space with a countable network is transitive.
Proof. Let {B n :neN} be a countable network for X. Set W = \J{{x}x (int V(x)):x eX}. For each n e N set A n = {x €X:x e B n c W(x)}. Then {A n :ne N} is a cover of X such that U {A n x A n :n e ^J} c W. The assertion follows from Corollary 1.5. COROLLARY 1.7. ^4 preorthocompact space with a countable network is orthocompact. Proof. The assertion is an immediate consequence of Corollary 1.6 (see [2, p. 100 and p. 104] for the definition of the notion of (pre)orthocompactness). COROLLARY 
1.8(a). Each topological space with a o-interior-preserving base and a o-locally finite network is transitive. (b) Each topological space with a o-locally finite base is transitive.
Proof, (a) Let X be a topological space with a cr-interior-preserving base and with a CT-locally finite network 3t. Thus dK -[_} {dK n :n &H) where we can assume that 3% n is locally finite for each n e N. Let V be a neighbornet of X. For each H e VC set H' = {xeH:xeHc V(x)} and for each neN, set W n = {H':He X n }. Then each %'" is closure preserving, because each %£" is locally finite. Let x e X. There are an m(x) e N and a P e 3if m(x) such that « P c V(*), because dK is a network for X Then P ' X P ' c F and j t e P ' c V~1(x). Set 2 =*. Hence the sequence (ffl' n ) neN satisfies the second part of the condition of Lemma 1.4. Since X has a a-interior preserving base, we conclude by Lemma 1.4 that V 3 contains a transitive neighbornet of X. Hence X is transitive. (b) The assertion follows immediately from part (a). REMARK 1.9. It does not seem to be known whether a topological space with a a-interior-preserving base is transitive (compare [2, Problem P, p. 155]).
Finally we will now use Lemma 1.4 to prove that hereditarily compact spaces are transitive. PROPOSITION 
Each topological space with a a-interior-preserving topology is transitive.
Proof. Let X be a topological space with a cr-interior-preserving topology. Obviously A'has a cr-interior-preserving base. Furthermore, of course, {{x}:xeX} is a cr-closurepreserving collection in X. Let x eX and let V be a neighbornet of X. Note that V~\x) 3 {*}• Set z=x. Then we see that the conditions of Lemma 1.4 can be satisfied. We conclude that X is transitive. PROPOSITION 
Each hereditarily compact space is transitive.
Proof. (The idea of the proof was outlined in Remark 1.3. Because of Proposition 1.10 a further simplification is now possible.) Let (X, SP) be a hereditarily compact space and let V be an entourage belonging to the fine quasi-uniformity of (X, ST). Then there is a sequence (V n ) neN of neighbornets of (X, ST) such that V\+\<=.V n for each n e N and such that V x c V. Let Sf be the quasi-pseudo-metrizable topology induced by the quasiuniformity generated by {V n :n e I^J} on X. Since 5^ is coarser than 3~, the space (X, Sf) is hereditarily compact. Hence the Pervin quasi-uniformity ^{SF) is the coarsest compatible quasi-uniformity for (X, if). Since (X, &") admits a quasi-uniformity with a countable base, the space (X, Sf) has a cr-interior preserving topology by Lemma 1.1 and, thus, is transitive by Proposition 1.10. Hence V contains a transitive y-neighbornet of X. Since if is coarser than ST, we conclude that (X, 3~) is transitive.
Let us remark that the only known example of a nontransitive compact Hausdorff space depends on the set-theoretic axiom b = c [7] .
It seems interesting to note that with some additional work one can strengthen Proposition 1.10 considerably.
Each topological space X such that {{x}:x eX} is a o-closure-preserving collection is transitive.
Proof. By our assumption there is an increasing sequence (H n ) neN of subsets of X such that U {H n :n e N} = X and such that for each n e N, ST n = {X\Jx):x e H n } U {X} is at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S0017089500007874 Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 11 Jul 2017 at 07:17:29, subject to the Cambridge Core terms of use, available interior preserving. For each xeX choose an n(x)eN such that x e H n(x) . Set T n ( x ) = n { G : J t e G e J B } whenever n e N and x e X; set 7; = U {{*} * T n {x):x e X} whenever n eN. Consider an arbitrary entourage V of the fine quasi-uniformity of X. Let (V n ) neN be a sequence of neighbornets of X such that VicV and such that ^t , c y , for each n eN. Set S n = V n+1 fl T n whenever neN. Note that for each x e X and each keN we have that S^x ) ( Therefore we conclude that n(a t ) < n{a i+1 ) for each i e {0, . . . , s -2}. However since we have reached another contradiction. We deduce that T c.V and that X is transitive.
As an application of our results we want to characterize the topological spaces that have the property that their fine quasi-uniformity is quasi-metrizable. PROPOSITION 
The fine quasi-uniformity of a T t space X has a countable base if and only if X is a quasi-metrizable space with only finitely many nonisolated points.
In order to prove this proposition we need some auxiliary results. PROPOSITION 
If the fine quasi-uniformity of a topological space X has a countable base, then X is transitive.
Proof. Since the fine quasi-uniformity of a topological space induces its Pervin quasi-proximity, we conclude by Lemma 1.1 that X has a cr-interior-preserving topology. Hence X is transitive by Proposition 1.10. REMARK 1.14. The fine quasi-uniformity of each first-countable space (X, ST) in which all but finitely many points have a smallest neighborhood has a countable base.
Proof. Assume that *,, . . . , x k are the finitely many points of X without a smallest neighborhood. For each i e {1, . . . , k] let {g(n, *,):« e N} be an open decreasing neighborhood base at x t . For each n e N set ?T n = {G e ST-.x, e G and i e {1, . . . , k} imply that g(n, x,) c G } U {g(n, x,): i = 1, . . . , k} U {X}. Clearly ST = U {&" • n e M} and ST n is an interior-preserving open cover of X whenever n e N. In particular X has a cr-interior-preserving topology. For each x eX and n eN set S n (x) = f) {G: x e G e 3~n). Let C be an arbitrary transitive neighbornet of X. There is an n eN such that for each i e {1, . . . , k} we have that g(n, x t ) c. C(JC,). Let y eX. If x, € C(y) for some / £ { ! , . .
. , k}, then g(n, x t ) E C(XJ) C C(y). Thus C(y) e 5T n . Hence we have shown that
at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S0017089500007874 Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 11 Jul 2017 at 07:17:29, subject to the Cambridge Core terms of use, available S n (y) c C(y) whenever y eX. We conclude that the fine transitive quasi-uniformity for X has a countable base. Since X has a cr-interior-preserving topology, X is transitive by Proposition 1.10. Hence the fine quasi-uniformity for X has a countable base. Proof. Assume the contrary. Let (G n ) neN be a strictly decreasing sequence of y-open subsets of Y that has an empty intersection. Since X is transitive by Proposition 1.13, we can assume that the fine quasi-uniformity for X has a countable decreasing base {r n :neN} consisting of transitive neighbornets. Inductively we define a sequence (*,,)" eN of points of Y and a strictly increasing sequence of positive integers (k(n)) neN such that T k(n)+ i(x n ) <= T k(n) (x n ) and (T k{n) (x n ) n y ) c C B whenever n e N. Note that <g = {X} U {T k ( n )+i(x n ):n eN} is an interior-preserving open cover of X, as C^\{G n :n eN} =0 and each point of X\Y has a smallest neighborhood in X. Since {T^ine^J} is a base of the fine quasi-uniformity for X, there is an n e N such that T n (x) c f | {D :x e D e <€} whenever xeX. Choose an s e N such that k(s)>n.
This completes the proof of the lemma.
Proof of Proposition 1.12. Let X be a 7j space the fine quasi-uniformity of which has a countable (decreasing) base {U n :n e N}. Then X is quasi-metrizable (see e.g. [2, p. 4]). Let x be a nonisolated point of X. Consider the sequence ([int f/ n (x)]\{;c}) neN of open sets in X. Since X is a T x space, this sequence has an empty intersection. We conclude by Lemma 1.15 that x is an isolated point in the subspace Y of the nonisolated points of X. Furthermore, by the same lemma, each collection of pairwise disjoint nonempty Y-open subsets of Y must be finite. We deduce that X is a quasi-metrizable T x space containing only finitely many nonisolated points. The converse follows from Remark 1.14.
We conclude this section with the promised construction of a nontransitive space. For each neN and each feX set //"(/) = {g eX: \\f -g\\ <2'"}. &> will denote the topology induced on Xby the norm || ||. As usual, by id we will denote the element of X defined by id(*) = x for each x e [-1, 1]. For each n e N set First we want to check that {V n :n e (\l} is a countable base for a quasi-uniformity °U on X.
Clearly by definition V n is reflexive for each neN. It is also easy to show that the We observe next that it will suffice to show that n k (f)nv n^( f).
Since in this case we get that
.
fl V n (s) :s e B} c T(B) c > ffl , / ei4 m>B and 7 is transitive. However this contradicts our assumption that/e^4 m n . We will conclude that V 3 cannot contain a transitive 5"(^)-neighbornet of X as soon as we know that inequality (*) is correct.
Let PROPOSITION 
A hereditarily compact space is a uqu space if and only if each of its closed subspaces is a Baire space.
Proof. Using the characterization of uqu spaces given above it is immediately clear that each closed subspace of a uqu space is a uqu space. Hence each closed subspace of a uqu space is a Baire space by Lemma 2.1 of [4].
In order to prove the converse let X be a hereditarily compact space, each closed subspace of which is a Baire space. Assume that there exists a strictly decreasing sequence (G n )neN of open sets in X with an open intersection. Since X is hereditarily compact, the closed set X\f^\ {G n :n e I^J} is the union of finitely many irreducible closed sets Fj (/ = 1, . . . , k and keN) [12, p. 903]. Hence there exists an i e{l, . . . , k} such that G n C\Fj¥=0 whenever n e N. Since F ( is irreducible, G n n F { is dense in F t for each neN. Since by our assumption F t is a Baire space, we deduce that p) {G n :n e N} D F t ¥=0-a contradiction. Hence Pi {G n :n e f^J} is not open. We conclude that X is a uqu space.
Next we want to prove the result about finite products of uqu spaces mentioned in the introduction. PROPOSITION keN we have that H n r\pr x F t ¥=0 and P n r\pr Y Fj^0 whenever n sN. Since X and Y are uqu spaces and since pr^ F t is closed in X and pr y F t is closed in Y, we conclude by the characterization of uqu spaces given in the beginning of this section that there are an x e p) {//" D pr x F^.n eN} and a y e H {^« H pry ^: n e N } . Hence (*, y) e p ) {A k :k e f^} n i^. On the other hand (fl {A k :k e N}) r\F t c (Pi {G n :n eN}) C\ Fi = 0-a contradiction. We have shown that p | {G n :n e N} cannot be open. Hence X X Y is a uqu space. Proof. Since X x Y is a uqu space, the (compatible) product quasi-uniformity on XxY of the fine quasi-uniformities for X and Y is the unique compatible quasiuniformity for XxY.
We finish this paper with a result on uqp spaces. We recall that by a result of [6] a topological space X is a uqp space if and only if its topology is the unique base of open sets that is closed under finite unions and finite intersections. (In this result it is assumed that Pi 0 = X). Although there are simple examples of first-countable uqp spaces that are
